We calculate one-loop radiative QCD corrections to the three polarized and unpolarized structure functions that determine the beam-quark polar angle dependence of the alignment (or longitudinal) polarization of light and heavy quarks produced in e + e − -annihilations. We present analytical and numerical results for the alignment polarization and its polar angle dependence. We discuss in some detail the zero-mass limit of our results and the role of the anomalous spin-flip contributions to the polarization observables in the zero-mass limit. Our discussion includes transverse and longitudinal beam polarization effects.
Introduction
This is the fifth and final paper in a series of papers devoted to the O(α s ) determination of the polarization of quarks produced in e + e − -annihilations. In the first paper of this series [1] we calculated the mean alignment polarization (sometimes also called longitudinal or helicity polarization) of the quark. i.e. the alignment polarization averaged w.r.t. the relative beam-event orientation. One of us derived convenient Schwinger-type representations for the structure functions appearing in the polarization expressions in [2] . In a third paper we determined the longitudinal component of the quark's alignment polarization, which vanishes at the Born term level [3] . The fourth paper [4] gave results on the two transverse components of the quark's polarization (perpendicular and normal, also sometimes referred to as in-the-plane and out-of-the-plane polarization). In the present final piece of work we present our results on the full polar angle dependence of the quark's alignment polarization w.r.t. the electron beam direction including beam polarization effects.
The full determination of the alignment polarization of the quark involves the calculation of three polarized and three unpolarized structure functions which are conveniently chosen as the helicity structure functions H ℓ U,L,F and H U,L,F , respectively. The subscripts U, L and F label the relevant density matrix elements of the exchanged vector boson (γ V ,Z), where the polar angle dependence of the contributions of the three structure functions is given by (1 + cos 2 θ) for U, sin 2 θ for L and cos θ for F . We mention that some of the unpolarized helicity structure functions have been calculated before, i.e. the vector/vector (V V ) contribution to H U and H L [5] † and the vector/axial-vector (V A)
contribution to H F [7] . We have verified the results of [5] and [7] and present new results on the axial-vector/axial-vector (AA) contribution to H U and H L in this paper, where the AA-contribution to H U +L = H U + H L was already written down in [1, 2] . As concerns the polarized structure functions our results on H ℓ U +L and H ℓ L where given in [1, 2, 3] . This paper includes new results on the polarized structure functions H ℓ U and H ℓ F that are necessary to determine the full cos θ-dependence of the quark's alignment polarization. † The V V -contribution to H U+L = H U + H L has been given a long time ago in the context of QED (see e.g. [6] )
The paper is structured such that we start in Sec. 2 by listing the four independent tree-graph components of the hadron tensor (V V , AA, VA and AV ) including its polarization dependence. The relevant helicity components of the structure functions H U,L,F and H ℓ U,L,F are obtained by covariant projections. We then proceed to integrate the projected tree-graph contributions over the full three-body phase-space and give analytical results for the once-and twice-integrated tree-graph cross sections. As is well familiar by now, the final expressions contain infrared (IR) divergences which we choose to regularize by introducing a small gluon mass. The tree-graph IR divergencies are cancelled by the corresponding IR divergencies of the one-loop contributions. Thus by adding in the loop contributions we finally arrive at finite results relevant for the total inclusive cross section integrated over the hard and the soft regions of the energy of the gluon as presented later on. In Sec. 2 we also detail the dependence of the polarization on the electroweak parameters including a discussion of beam polarization effects.
In Sec. 3 we first focus on the soft-gluon region and give results on the polar angle dependence of the alignment polarization of the quark with their typical logarithmic dependence on the gluon-energy cut. The hard-gluon contribution is given by the complement of the soft-gluon contribution, i.e. as the difference of the full O(α s ) and the soft-gluon contribution. Since we provide numerically stable expressions for the latter two contributions, the hard-gluon contribution can be evaluated in a numerically stable way. In Sec. 4 we consider the zero quark mass case and calculate the three relevant polarized and unpolarized structure functions using helicity methods and dimensional reduction as regularization method. In this way one can keep out of the way of the notorious γ 5 -problem when calculating e.g. the VA-contribution to the F -type unpolarized structure function. We compare the mass-zero results with the mass-zero limit of the corresponding structure function expressions in Sec. 3 and identify the global anomalous spin-flip contributions to the QCD(m → 0) polarized structure functions. Finally, Sec. 5 contains our summary and our conclusions. In Appendix A we catalogue some integrals that appear in the tree-graph integrations in Sec. 2, in Appendix B we list some standard O(α s ) rate functions needed for the rate expressions in Sec. 3. In Appendix C, finally, we consider the case of polarized and unpolarized quark production from transversely and longitudinally polarized e + e − -beams.
O(α s ) tree-graph contributions and total rates
For the three body process (γ V , Z) → q(p 1 )+q(p 2 )+g(p 3 ) (see Fig. 1 ) we define a polarized hadron tensor according to (q = p 1 + p 2 + p 3 )
The hadron tensor depends on the vector (V ) and axial-vector (A) composition of the currents in Eq. (1) . One has altogether four independent components H i µν (i = 1, 2, 3, 4) which are defined according to (V : γ µ , A: γ µ γ 5 )
For the tree-graph contribution one calculates In this paper we are only concerned with the alignment polarization. The covariant form of the polarization four-vector associated with the alignment polarization is given by (i = 1 , 2, 3, 4) according to
In order to determine the polar angle dependence of the polarized and unpolarized cross section one turns to the helicity structure functions H U = H ++ + H −− , H L = H 00 and H F = H ++ −H −− which can be obtained from the covariant structure functions in Eqs. (7) and (8) by the appropiate helicity projections of the gauge boson,
and the same for H ℓ µν .
A convenient way of obtaining the helicity structure functions
by covariant projection, 
where, in terms of the helicity structure functions defined above, one has
(α = U, L, F ) and the same for σ i α → σ iℓ α etc. The g ij coupling factors appearing in Eqs. (11) and (12) specify the electroweak structure of the lepton-hadron interaction and are listed in Appendix C. The y, z and cos θ-dependent polarization P ℓ (cos θ, y, z) is then
given by the ratio of the polarized and unpolarized cross sections in Eqs. (11) and (12) .
The generalization of the above cross section expressions to the case where one starts with "longitudinally" polarized beams is straightforward and amounts to the replacement (see Appendix C)
polarized:
unpolarized:
where h − and h + (−1 ≤ h ± ≤ +1) denote the helicity polarization of the electron and the positron beam. Clearly there is no interaction between the beams when h
We have presented the results of calculating the full (U + L) and the longitudinal piece (L) of the polarized hadron tensor in [1, 3] . Here we add the last building block, namely the polarized hadron tensor projected on its forward/backward component (F ), where the requisite covariant projector has been given in Eq. (10) . A straightforward calculation of the O(α s ) tree-graph contributions leads to
In all three above expressions the denominator vanishes when the quark's threemomentum is zero, i.e. when p 1 = 0 or, in terms of the y-variable, when y = 1− √ ξ. However, a careful limiting procedure shows that the three structure functions in Eqs. (16)- (18) tend to finite limiting values (and not to zero as in the case of the longitudinal structure functions H iℓ L treated in [3] ). In contrast to this, the singularities at y = z = 0 constitute true IR-singularities. They can be regularized by introducing a small gluon mass m g = √ Λq 2 which has the effect to deform the phase-space boundary to
Note that the introduction of a small gluon mass is required only to deform the integration boundary. In the calculation of the matrix elements we need not pay regard to the gluon mass. With the gluon-mass regulator one can then perform the finite integration over the two phase-space variables y and z. The integration over z gives the cross section's dependence on the quark energy variable y. We obtain
Let us briefly pause to discuss the y-dependence of the forward/backward (F )-
The IR-limit y → 0 in Eq. (24) is well defined since the potentially singular term proportional to 1/y in the numerator is cancelled by the 1/y-terms of the denominator giving a finite polarization value for y → 0. In fact the limiting value of P ℓ F can be calculated to be
Turning to the other corner of phase-space y → 1 − √ ξ, the limiting value of the polarization expressions can be obtained by expanding numerator and denominator around
As mentioned before, the (U + L)-and (L)-components of the polarization vanish in this limit, whereas the (F )-component of the polarization tends to the finite limiting value
In Fig. 2 we have plotted the y-dependence of P ℓ F for the top quark case for the three values √ q 2 = 380, 500 and 1000 GeV using a top quark mass of m t = 180 GeV [8] . ‡ The polarization P ℓ F can be seen to tend to the two limiting values given in Eqs. (25) and (26) as y → 0 and y → 1 − √ ξ, respectively. ‡ We have chosen the lowest energy q 2 = 380 GeV to lie well above the nominal threshold value of q 2 = 360 GeV for a perturbative calculation to make sense. As is well known, the production dynamics in the threshold region requires the consideration of non-perturbative effects. For a discussion of top quark polarization effects in the threshold region see [9] .
Finally, with the integration over y we include the relative three-body/two-body phase-space factor q 2 /16π 2 v and express the result in terms of the rate functionŝ
for α = F , which giveŝ
The integrals S i have been computed and listed in [1] . Similar techniques allow one to calculate the integrals J i (for details see [1, 3] ). They are listed in Appendix A. Remember that the IR-singularities in S 3 , S 5 , S 12 , J 3 , J 9 and J 10 are cancelled by the corresponding IR-singularities of the virtual contributions. This is a consequence of the Lee-Nauenberg theorem.
3 Soft-and hard-gluon regions
For some applications it is desirable to split the three-body phase-space into a soft and a hard gluon region. The two regions are defined with respect to a fixed cut-off value of the
the hard-gluon regions, respectively. Technically the integration over the soft-gluon region is quite simple. The hard-gluon contribution can then be obtained as the complement of the soft-gluon contribution. Since we provide numerically stable expressions for both the total O(α s ) contribution and the soft-gluon contribution the computation of the hardgluon contribution as the difference of the two constitutes a numerically stable procedure without that differences of large numbers are encountered.
In as much as the soft-gluon contribution factorizes into a Born term part and a universal soft-gluon function we begin our discussion by listing the relevant nonvanishing Born term components of the hadron tensor. One has
where v = 1 − 4m 2 /q 2 is the velocity of the quark in the c.m. system. For completeness we note that the polarized and unpolarized Born term cross sections can be obtained from Eqs. (11) and (12) by the replacement
and the same for the polarized cross sections.
Turning to the soft-gluon region of the O(α s ) tree-graph contribution, it is wellknown that the soft hadronic tensor factorizes into the Born term structure times a universal function of the soft-gluon energy. Integrating the soft-gluon spectrum and adding the O(α s ) soft-gluon contribution to the Born term contribution, one obtains
where the scaled maximal gluon energy λ denotes the cut-off energy which separates the soft-gluon region from the hard-gluon region. The IR singularity present in the soft-gluon region has been regularized as before by introducing a small gluon mass m g = √ Λq 2 which of course can be chosen to be arbitrarily small compared to the energy cut-off parameter λ.
The total O(α s ) soft-gluon contribution is then obtained by adding in the one-loop contribution. For the latter one has (see e.g. [1, 3] )
one-loop real part:
one-loop imaginary part:
where the one-loop form factors A, B and C are given by
The γ 5 -even one-loop results for H 1,2 U,L and H 4ℓ U,L are taken from [1, 3] . The γ 5 -odd one-loop contributions H 1ℓ F , H 2ℓ F and H 4 F have been calculated in dimensional regularization with zero gluon mass using a naive anticommuting γ 5 . The result was then converted to the gluon mass regularization scheme with the help of the substitution
Although the imaginary part of the one-loop contribution is only needed in the case of transverse normal polarization (see [4] ), we have included it for completeness. It is quite apparent that the sum of the real gluon emission contributions in Eq. (33) and the real one-loop contributions in Eq. (34) are IR finite, i.e. the dependence on Λ drops out in the sum.
We have numerically evaluated the polarization in the soft-gluon region as a function of the gluon energy cut-off. We did not plot the results since the O(α s ) corrections to the polarization are quite small. In the scale of our figures the corrections only become visible for λ < 0.1% which is too low a cut-off-value for a fixed order perturbation series to make sense. In fact, the unpolarized O(α s ) rate crosses zero and becomes negative at around λ = 0.05% which again highlights the fact that such low cut-off values do not make any sense. One concludes that the O(α s ) corrections go in the same direction for both polarized and unpolarized rates rendering the ratio unsensitive to O(α s ) corrections.
Let us now present our results for the fully integrated three-body tree-graph polarized rate functions in terms of the rate functions given in Eq. (27). As mentioned before, we integrate over the full phase-space keeping a small gluon mass as IR-cutoff. The complete O(α s ) contribution is then given by adding in the O(α s ) real one-loop contributions listed in Eq. (34). One hasĤ
Note that the dependence on the IR-cutoff parameter Λ drops out in the sum of the two contributions. One has O(α s ) real part:
Closed form expressions for the O(α s ) rate functions t i (i = 1, . . . , 12) appearing in Eqs. (38)- (46) can be found in Appendix B. They contain the set of basic I, J, S and T integrals calculated in [1] (I, S), [3] (T ) and in Appendix A (J). They are associated with the various hadron tensor components in the following way:
and F (J) (polarized case) and U(I, J), L(J), [U + L](I) and F (S) (unpolarized case).
We mention that, concerning the unpolarized (F )-component in Eq. (46), closed form expressions for this component are also given in [10] and [11] . We agree with the results of these authors.
For our numerical evaluation we take the current world mean value for α s , i.e. [12] and m t = 180 GeV [8] . We have repeated the numerical evaluation using MS running massesm b (m b ) = 4.44 GeV andm t (m t ) = 172.1 GeV where the running of the masses follows the momentum dependence of the corresponding oneloop renormalization group equation [13] . However, since the polarization expressions are rather insensitive to which sets of masses is used, our numerical results in Figs. 2 and 3 are given only in terms of the above pole masses.
In Fig. 3 we show the polar angle dependence of the alignment polarization of top quarks in the continuum, and for bottom quarks on the Z. We want to emphasize that we define the O(α s ) polarization such that we keep the full O(α s ) dependence of the unpolarized rate functions in the denominator. Thus we do not expand the inverse of the rate functions in powers of α s as is sometimes done in the literature.
The cos θ-dependence of the alignment polarization of the top quark shown in Fig. 3a is quite strong for all three c.m. energies 380 GeV, 500 GeV and 1000 GeV and shows a strong forward-backward asymmetry signalling a strong ( tions amount to only ∼ = 2% over the whole cos θ range. In order to be able to exhibit the size of the O(α s ) corrections we chose to use a "suppressed zero" plot in Fig. 3b .
The cos θ dependence of the alignment polarization is very weak with a small asymmetry component. We have checked that using a running massm b (M Z ) = 3.30 GeV in Fig. 3b changes the results by less than 0.2%.
Massless QCD and the zero-mass limit of QCD
It is well known by now that, as concerns spin-flip contributions induced by gluon radiation, the zero-mass limit of QCD and massless QCD do not coincide, at least in the perturbative sector [1, 2, 3, 14, 15] . Since familiarity with this statement is not so widespread we want to use this section to highlight the difference between the m = 0 and m → 0 O(α s ) results for the alignment polarization. Needless to say that this has important practical implications for the calculation of polarization observables for the process Z → light quark-pairs where one might be tempted to set the quark mass to zero from the very beginning because of the presence of the large Z-mass scale.
Let us begin our discussion by listing the zero-mass Born term contributions. These are
Next we write down the O(α s ) zero-mass tree-graph contributions, which read
Note that for massless QCD one has H The hadron tensors H α (α = U + L, F ) become singular for y → 1 and z → 1. These singularities need to be regularized when integrating over (y, z) phase space. A particularly convenient regularization scheme is regularization by dimensional reduction [16] where the spin degrees of freedom are kept in four dimensions and only scalar integrals are regularized dimensionally. In this scheme one can retain the matrix element expressions Eq. (49-51) when doing the n-dimensional phase space integration. After adding in the loop contribution (also regularized by dimensional reduction) the finite result can be transposed to the dimensional regularization scheme by adding in a finite global counterterm [17] which will be specified later on. The dimensional reduction calculation of the rates proceeds along the lines discussed in [18] .
The tree-graph expressions have to be integrated with respect to the n-dimensional integration measure (n = 4 − 2ε)
where we have again included the relative two-body/three-body phase-space factor q 2 /16π 2 as before (v = 1 for massless quarks).
The integrations can be done in standard fashion, and one obtains the tree-graph
where
The right-most finite contributions in the round bracket of Eq. (55) results from the integration of the right-most term in the round bracket of Eq. (51).
The loop contributions in dimensional reduction are given by (H
where one has to remember to do all γ-matrix manipulations in four dimensions. C ′ is given by
For the real parts that are of interest here we have
In order to convert our results to the more familiar dimensional regularization result we have to add the global counter-term, which reads (
By adding up all the contributions including the counter-term we arrive at the full
For easy reference one may add the Born term contribution to obtain the familiar result [7, 19] . § As it turns out one does not reproduce the polarized result in Eq. (60) and in Eq. (62) when taking the m → 0 limit in the corresponding expressions Eqs. (38) and (40) 
where, by hindsight, we have split the contributions in the round brackets into a normal [19] . In dimensional reduction the troublesome γ 5 -odd traces can be completely avoided by deriving the cross section expression Eq.(51) and the one-loop contribution Eq. (57) in a well-defined manner by use of e.g. helicity amplitudes in which the massless axial vector current helicity amplitudes are related to the massless vector current helicity amplitudes in canonical fashion. This is implicit in Eq. (57) where we have used the relation H term contribution and an universal spin-flip bremsstrahlung function [15] . This explains why there is no anomalous contribution to H 4ℓ L and why the anomalous flip contributions to H 4ℓ U and H 1ℓ F are equal. In fact the strength of the anomalous spin-flip contribution can directly be calculated from the universal helicity-flip bremsstrahlung function listed in [15] . One has
where y is the energy fraction of the quark after the radiative flip transition relative to that of the radiating quark (0 ≤ y ≤ 1). Integrating over y one finds
Then considering the fact that the flip contribution contributes negatively to the alignment polarization (see Eq. (8)), and that there can be a flip on the antiquark side also, one reproduces exactly the anomalous flip contributions in Eqs. (63) and (65).
It is important to realize that the anomalous spin flip contribution does not come into play when calculating the transverse polarization of a single quark, because of the extra m/ √ q 2 factor in the transverse polarization expressions. However, when calculating quark-antiquark polarization correlation effects, the O(α s ) anomalous contribution does come in even when considering transverse polarization effects.
Summary and Conclusion
We have presented the results of an O(α s ) calculation of the full polar angle dependence of the quark's alignment polarization with respect to the electron beam direction including beam polarization effects. This completes a series of papers devoted to the full calculation of quark polarization effects on and off the Z-peak in e + e − -annihilations into a pair of massive quarks. When averaged over phase-space, the O(α s ) corrections to the polarization observables are generally small (typically of the order 2%) indicating that the O(α s ) corrections to the polarized and unpolarized rates tend to go in the same direction. This of course must not be true everywhere in phase-space and for every polarization component. We mention that our results are also of relevance for the final-state radiative QED corrections to lepton polarization in e + e − → τ + τ − [20] , where, to our knowledge, a full O(α) calculation including quark mass effects has not yet been published.
We have not discussed how to measure the polarization of the quarks either when it decays as a free quark as in top quarks, or when it decays as a bound quark in e.g.
polarized Λ b -baryon decays. There exist a long list of papers devoted to this subject, among which are the papers listed in [21, 22] . Of particular interest is the transverse normal polarization studied in [4, 22, 23, 24] . It provides the SM background to possible CP -violating contributions to transverse polarization considered in [23, 24] . In fact, by comparing the transverse normal polarization of the quark and the antiquark, the truly CP -violating contributions can be separated [24] .
Recently there has been a thorough numerical study of gluonic corrections to top quark pair production and decay (interference effects not included) [25] . By using helicity amplitudes for both the production and decay process, the full spin momentum correlation structure of the production and decay process has been retained in the calculation of [25] .
The production-side information in [25] is identical to the information contained in our paper. However, we believe that our results are physically more transparent since we have chosen a two-step approach in which we first represent the production-side dynamics in terms of the polarization components of the produced top quarks including beam polarization effects as in [25] . The polarization of the produced top quarks can then be probed by its subsequent decay. Also, by using analytical methods, we were able to effect large rate cancellations in sensitive areas of phase-space. These could lead to numerically unstable results in the purely numerical approach of [25] when not properly dealt with.
At any rate, by comparing the production-side results of [25] and our results one has a powerful check on the technically rather involved calculation of gluonic corrections to the polarization of quarks in e + e − -annihilation.
It is convenient to define the mass dependent variables a := 2 + √ ξ, b := 2 − √ ξ and
. The functions t 1 , . . . , t 12 appearing in Eqs. (38)- (46) are then given by ), and
). The left-and right-handed coupling constants are then given by g L = v + a and g R = v − a, respectively. In the purely electromagnetic case one has
f and all other g r ′ r = 0. The terms linear in Re χ Z and Im χ Z come from γ − Z 0 interference, whereas the terms proportional to |χ Z | 2 originate from Z-exchange.
C.1 Lepton tensor
We first specify the lepton tensor in the laboratory frame denoted by a prime. The nonvanishing elements of the lepton tensor L ′r µν (with r = 1, 2, 3, 4 defined in analogy to Eq. (2)) are given by
Here we have indicated the µ ↔ ν symmetry properties (s=symmetric, a=antisymmetric)
of the various components of L ′ µν which will be of later convenience when considering the contraction with the hadronic tensor. The ξ 
C.2 Hadron tensor
In the overall c.m. system that we are considering, only the three space components of the hadron tensors H r mn (m, n = 1, 2, 3) contribute to the annihilation cross section in Eq. (C1). Also, since the hadron tensors H r mn are hermitean, there are in general nine real independent components H r mn for each r = 1, 2, 3, 4. We introduce six symmetric and three antisymmetric real combinations under m ↔ n (dropping the superscript r for compactness) in Table 1 , with Table 1 contains the sperical as well as the Cartesian components of the nine independent hadron tensor components in the c.m. system. We also list the µ ↔ ν symmetry properties of the components as well as the parity nature of the product of currents in the helicity system (z-axis in event plane!).
C.3 Angular correlations
We are now in the position to consider the beam-event correlations that arise from the contraction of the lepton and hadron tensors. First we have to rotate the lepton tensors L ′ mn given in Eq. (C3) to the event plane. This is achieved by the Euler rotation illustrated in Fig. 4 ,
where ϕ, θ and χ are the Euler angles describing the rotation from the beam-system to the event-system, and the Euler rotation matrix is given by R(ϕ, θ, χ) Let us note, though, that the contraction L mn (ϕ, θ, χ)H mn is simplified by separately considering the symmetric and antisymmetric parts of L mn and H mn according to the classification given in Table 1 . Such symmetry considerations are also very helpful when one wants to assess quickly the influence of beam polarization on the measurement of the various hadron tensor components. One obtains (omitting again the superscript r): with all hadron tensors referring to the event system and X(ϕ) = (ξ and (C8), since the hadronic helicity structure functions H α are evaluated in the event frame and thus are independent of these angles. We repeat that, when we have been referring to the hadron tensor in this Appendix, this means either the unpolarized hadron Caption Table 1 Independent helicity components of the hadron tensor H µν in the spherical basis (second column) and in the Cartesian basis (third column). Column 4 gives the µ ↔ ν symmetry of the nine components and column 5 lists the parity of the products of contributing currents (pc: V V, AA and pv: VA, AV ) for the unpolarized case and in round brackets for the polarized case. Figure 4 
